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THXCOMPRESSIBLEFZGW PASTVARIOUSPI.JWE

W’MNAHY

In an esrlierreportTIMNo. U17 by G6thert,ew’kitleti%enechnw
kompressiblerebenerStr&mmgen %ei hohenIhlterschaJ.l-
Anblaaegeschwindigkeiten’l(Calculationof CaqresslbloP3.a&F1OWEIat
High Su~sc@.c’Airspeeds),the-single-sourcemethodwas ~pplied.to the

compressibleflow aroundcircles,ellipses,lunes,and aroundan elongckted
body of revolutionat differentMach numbersand the result=comparedas
far as possiblewith the dlcuht ions by I&da end Bmenwnn. Wsent:ally,
It was foundthatwith favorable source arrangementthe si~le-sourco :
methodis in good“agyo@mGntwihh the ce.lcul.ations of the “ssmeuegree”of
approximationby.Lanilhand Ihmemann. Near sonicvelocitythe numberof
stepsmust be”increasedconsiderablyin order.to sufficientl.yapproxi-
mate the adiabatic’curve. After exceedinga certainMach numberwhere
local su~ersonicfIeldsoccuralreadytit was no longeryossible,in
spiteof the subatentid..lyincreasednumberof steps, to obtaina
systematicsolutim becausethe calculationdiverged. This result,was
interpretedto mean that above”this pointof divergencethe symmetrical
tYpe Of flow ceasesto exist&d changesIntotbe unsymmetricaltypo ‘- ,’-
characterizedby compreseibi~ityshocks.

SURVEYOF TRX APPROXIMAT~NMETHODUSED .

.“

In re~ortUM No.’U17, it is explalneflhow by Ewans of suc~esslve
approxim&tionsthe wioeity” fi”eldaroundplaneprofilesat high,subqonic
speedscan be cunputed. But”insteadof representingthe solutionin
closedform as practicedIn the convention&1methodsup to now, a
numericalmethodwas developedby which a largenvmherof epp~’mimati~
stepscan be computed,suchthat the laborfor the ind3.vidualste”pis
not ir,creased,with progressivedegreeof apyrccdmation.As a cacsqnenoe,
the restrictionwas removedof being ableto ccmpute,in ~%neral,O*

..—.
=%ie kcmyressibleS&6mung vm vemchiedene etereprofilein IWhe
der Sch&llgeschwindi~eit.~~ 7~n%ale fiirwtsseaschaftliches
BerightsWesender Luftfahrtforsch- des Generalluftzeu-isters
(ZWB)Bellir,-Adle~whof,
Janu%ry6, 3.$)+>.
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two individualapproximateions owing to the increasing,~vnt of papem--
work involved, On the otherhand,however,it was takeninto the
bargainthat even at increa~lngdegreeof.approximationthe “meshwidth”
of the numericalmethodis, in general,me.intained,so that a small
consistentresidualerrorremains, but $X&d from the modelproblems
workedout,this errorremains,on the whole,far belowthe error
introducedby an insufficf.entnumberof individualapproximations.

\

-.
i

.

The a.fore+nentionedreportiproceedsfromtke’conceptthatthe
compressibleflow om be regardedas a spec&J.incompressibleflow,
wherethe entireflowffeldoutsideof the proftlein the streamis
coveredwith elementarysourcesand sinks,the yieldof which is
dependent in a simplemanner,uponthe magnitudeof the localMach
number, Thus, if the velocity fieldaromd a profilewere known,the
elemefiarysourcesthemselveswouldbe knownalso. ‘lhedepartureof
the compmssi%lefrom the incompres~iblovelocityWjtributloncould
thenbe e@ained simplyby the fact that the additionalvelocities
producedby the sumof the elementarysourcesare computed. By the
methodpursuedin the subsequentlydescribedmodelproblems,the
el~mentarysourceswere determinedfirstfrom the velocityfieldof
tho incompressibleflow,that is, the veloc?ztyfieldof the Prandtl
rule,and with this ftrstapprox~tion formula for the sourceinten-
sities,the variationsof the velocityfieldcomputed. With this
improvedveloc~.tyfield,the souraeinteneitieaare then computedagain +
and from it the velocitiesuntilwith progre~sivede~ee of approxiuatlon
the additionalvelocitiesdue to the sourcestend towayda fixedvalue
thatrepresentsthe desiredvelooityin the respectivepointof the
compressible-flowfield.

b

Aa the calculationof the elementarysourcesfor giyenveloclty
is ccnnp@?ativelysimple,it is importantthatthe relocityfieJ.d,which
$s producedby the sourcesdistributedtwo dimensionallyoverthe
entireflow field,,be computedin the simplestpossiblemanner. For
this purpose,the incompressiblecomparativeflow coveredwith sources
iE?conformablytrans~omed on the circularflow,wherethe individual
elementarysourcesdo not vary in yield. The two dimensionallyLfstri-
buted sourceswere wmbingd into ooncentrfcringsor, for even rougher
approximation,into single-yotntsourcegwhichwere disposedin suitable
mannerat suchpointswherethe maximumyieldof the sourcesis to be
expected. Even this very roughmethodprovedsurprisinglysatisfactory
by suitablyarrangedsinglesowoes for definingthe velocitiesin the
Proximityof maximumprofilethioknessas verifiedby a comparisonwith
the knowncalculationsof Lamlaand Btisemannwi.ththe substanti’allymore
aoctiatesourceringmethod.

The presentreportdetiswith a number02 hodelcal.oulationsfor
profilefhwswor~ed out by the sin@e-sourcemethod. The numberof
singlesourcesin eachflow gradientwas fixedat twelve,the choice

.
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of arrangementbeing suchthat the singlesourcesdisposedal%? a
streamfIlsmentare of equalyield.a.smush as possiple, The,cticul’ation
was furthersimplifiedby @osculatingsymetrlcel flcx7s.Uilaymmetrical
supersonicflowswith compressibilityshocksare thus iule!i.out before-
hand.

One partic~ar advantageof the single--sourcemethodcons~ets in
being able to see at oncewhetherthe chosennumberof approximation
stepsalreadycompliesadequatelywith the centinuity conditIon of the
ccmqyeseiblefzow or whetherthe methoddiverges.ti so indicates
that,at the parttoularMaoh numberfor the chosenprofile,syuinetricd.
flow free from compressibilityshocksis no longerto be eqwcted, .

11. VELOCITYDISTRIB~ION ABOIICA LINE (CRESCENT)(d/l= O.10)

1. Mach Numberswith.C!onvergenceo! C~putecZFlows

The chosensingle-sourcescheme(systemI, appendix)for a crescent
(d/t ‘0.10) at Mm= 0,77 is represen+~din figure1, The 12 single
sourcesare arrangedso as to lie particularlyclosetogethernear th-
point of makfmw profilethiclmessIn order,to.beable to betteraccount
for the high yieldof the sourcesexpectedhere. But at greaterdid%nce
fromthe profile,the sourcesare spaced.fartherapartbecausethe total
yield,owingto the alreadysubsidedincreasesof velocityand the
reactim of these outer-lyingsouxce~to the Telocitlesat the profile
contourand on the areasof greatsourcedensity,is subst~tiallyless.
The additionalvelocitiesdue to the singlesouyceswere cbmputedin
startingpointsdisposed.as much as possibleat equaldistancefrom the
adjacentsinglesourcesin orderto min+imizethe errordue to the-point
concentrationof the elementarysources. The representedsourcediagram
varieswith increasingMach numberso that the individualsourcesmov6”
fartheroutwardintothe flow. This outwardtravelof the sources,
desirablefromthe physicalstandpoint,offersmathematicallyan
alleviationor facilityby reasonof the fact that sfterapplicationof
the Prandtlrule,the sourcelocationsin the plsne of flow,conformelly
transfo~& in a circle,are coincidentfor all Mach numbersso that
the additionalvelocitiesinducedby the sources,inthe planeof the
circlecan be computedwith the aid of the same influencefactor. ..

The resultof the approxhate calculationwith the previously
“describedsystemof sourcesand.startingpointsat & = O.TT ia
illustratedin figurre1; the streamdensity(pv)is plottedagainst
the Mpch numberfor dl,fferentgroupsof startingpoints;the correct “
value of the streamdensitystrivenfor by the approximatecalculation
is givenby the aaiabatioc~~ which at s@c veloc~ty M+ = 1 has
its maximumas si~ for the grea$estposs”iblestream’density. At point
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M+ = M+., whtchcorrespondsto the,stateof the flowvelocity,the #
adiabaticcurve is tangentto the streamdensitycurveof the Prandtl
rule. On the Prandtlcurve,all pointsof.theapproximatecalculd~on
b the Prandtlrule are I?R%.+@d;they are identifiedin the diagramas
{O h approximation,suohas *he dkrtlngpoint”ll at the ma.xfmumvelocity, ‘
etc.,for example.‘Thedifteyenceof the streamdensitylnthe particular
approximationpointsrelativeto the accurateadiabaticcurveindicates
then the extentto whichthe streemdensityby Prandtlrule’isstill
too greatandtowhlchthe width of the streamfilamentpassi~ through
the respectivesbrti& point ~S stilltoo mall to fulfillthe condition
of continuityof the compressibleflow, This differencerepresents,
therefozw,at the sametime ameamre for the additionallyto be applfed
sourceyield,whtch is to forcethe particularstreamfilamentapart I
to the correctwidth, On computingtlleadtitivevelocitiesby the sources
which are dimensional.accordingto the veJ.ocityfieldof the Prandtl
rule, (Othapproxlmation)the velocityfieldof the next hifjher3s
obtainedor, In this caae$of the firstapproximation.It is true that
the pointsof the firstapproximationfoundthisway lie alreadymuch
oloserto the adiabaticcmrvethan to the Prandtlcurve;but it is seen
at oncethatthe seconddegreeof approximation,especiallyat the points
of maximumvelocities,is stillnot adequateto approxirx~tethe adiabattc
curvecloselyeriough.Sincethe stillrewining differencerelativeto
the adiabaticdurveis immediatelyapparent.frouthe diagrameven for
the pointsof the firstapproximationand the additiveyieldis thus “
known,the secondapproximationand aho the hip~erapproximationscm
be calculatedat once. For the e-ie inquestlon,Xt is seen (fig,1)
thataboti five approximativestepsare neoessaryto approximatethe
q,diabattccurveaccuratelyenoughst@ing from Prandtl?ecurw,

The numberof stepsrequiredis, of course,“lessat smallMach
numbersof-flow. Thus,figures2 and 3 show,for example,that at
Mm= 0.75 for the sameprofileonlyaboutthree,end at M = 0.70
onlyabouttwo stepsare neededto attain the sam degreeof &proxi-
mationas at MCO= 0,77 with five steps, On the otherhand,the
nuniberof stepsrequiredat higher M inoreaeesenormously.From all.
theseapproximatecalculationsreproducedin figure~1 to 3, it is
appsxontthat in the middlesection(startj,ngpoints11 to 71) the
Velocitiesin respeotto the Rrandtlcurveare stillconsiderably
inoreased;whileat the stai%ingpoints12 to 32, fartherupstream,
this increase“MS alree,dysulmidpaappreciably,At the yotnts13 to !23,‘
farthestupstream,it has practicallydisappeared.so thatfon the whole,..
the velocitydistributiotialongthe contourdecreases’sub4bmltiallywith
increasingMach numbdr,’

2, Mach Nwuberswith Divergenceof the ComputedFlows

!l?heapproximatecalculationat & = (1.tiand Mm= 0,82
was carriedout by the same schemeand the resultsplottedin fig-=
ures 4EU13~, In spiteof’the much largernumberof steps (upto 10),

r.
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* no satisfactorya proxktton. of the adiabaticcyrvewas obtainable.
While at ~= O.80 the ninthand tenth &dpe appefi*O apnI?OXiMab
the theoretid. cu&e to some smallextent,divergencetisp.lai@.y
noticeableat Mm= 0.82 in the fifth &tepeven as $s evidentin “
the startingpoints11 and 21. This divergenceseemsto be traceable
to t% startingpoi@s which exben~ir!tothe raw of supersonicsWed
(W >1). The stgificti.eof $he divergenceis discussed.at the end
of the reportafterthe resultsof approximatec.cl:ulationsfor sev-
eral otherprofilesare,.ava.ilablefor the discussloti,

,.
.

1.:, ..” - ,

3. Dlsoussionof the Computed.MaxihumInc~ases of Speed
.

Compare&with’Buse&nn;s Data
,.

,.
.. ., ,.,

Figure17 representsthe vel.oc”itiesin startingpoint11 at
variouqMaolznumbersfrom whichthe increasingnumberof necessary
@eps with increasing M is app~ent, When the velooityin s~arfiing
point11.nearsthe velooi%yof sound,this profilerequiresabout
five to six stepsby the Pr,andtlrule to assuresufficientlyclose
approximation.So, while the approximatecalculationsavailableso
far for slenderprofileswere,beciauseof the enormouspaper%srk
involves,c,-ied out cxil.yto the first,in a few casesto the second
stepby the I?randtlrule, satisfactoryccmplienc,ewith the continuity
conditionet thosehigh subsonicsyee~sis definitelynot to be couhted
on. This.”holds’true so much mo~w becauseby this approximationmethod
the individualstepsalwaysyielda li.ttielessthen by the singl.e-sotice
?.wthod.~ece,usetheir souroeyielawas not appliedin full strength
corre~ondingto the moment~ velooityfield_,but merelyin an approxi-
mation,the qualityof which is equivalentto the degreeof a~proxima-
tion of the whole calculation,., .

From the miocftioa o%tainedin the dif’%rentstcrti~ points; ‘
tti velocity,at fhe point of maximumthicknebswasthen con.mutedkIY
extratiolationwith the aid of the tangentcondition (!v = - ~ dn,

r= radiusof curvatureof st.ream.lines),which at the sa& t~ti
representsthe maximumveloc,i,tyoccurring,at the crescentcohkour .
and plottedin figure19 for the indivi,dual,approximationsin com-
parisonwith the valuesby Prandtland Busememi. It was foundthat
the firstapproximationof the sin&leWourcemethodwas in gOOd
agreementwith 33usemann~sdata. Thus, in thts examyle,the arren~e-”
ment of the singlesourcesWas obviouslyfortunateenoughso that the
brrorsof the roughapproximation.fn the ZOES.ofmaximumIncreaseof ‘
speedare nearlyobviated: (However,it shouldbe pointedmt here
that in otheroasesthe agreementis not suiteas good as for the
crescent,for exemple~on the ellipse. This ~e?ect‘inthe @&l<tY of
the anproximattonmethod is, however,alre@y.evidencedduringth -.
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calculationfn the ‘verynonuniformdlstrilmticm
~ourcealong the indtv’idualstresmliriesso that
betterM.strlbution OY the single sources would
at any time.)
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of the yieldof t,ho
a correctionwith
have been possible

After exceeding the limit of’tilevelocity of sound.,figure 19 again
iriiicatesthat the numberof necessary approximation steps increesos
consfderabl.y.A suhstmtjtally greater numl?erof steps beyond the fifth
approxf.uationwere Celcrdated and.Won these the values t@f~?L w-hich
the ve}.ocitytends at starting Doint 11 for an unlimited nw,lberof
stops, determined by exbeapokt~on or else, as in the immediate proximity
of the point of dtvergmme} %y a ref’~nedmethod. It resulted in a very
acc-uratelydefined Iimj.tingMch nunicertitwkich the m.ethcdcezwed to
converge, The thus obtained.point of’divergence lies deffdtely in
the sfiporsonicrange at a maximun local.Mach nuziberof’ M+mx ::1.095.

k. Effect cf D?.ssimi.ltir iSov.rce lwrem~mrks

The arrangement of the sources must procmd from the point of
view of’placing the sources sc that the area= of’high yield of the
elementary =ources em covered as un.iformlyas possible with eingle
source~. ParticLlleyly> the siq@e swrqes lying on fq stream filament
should be distributed for most uniform yield. Since at the stark of
the a~proximation, in General, only an ineompl~te estimation of Me”
strean densities is possible, unfa,vora,blesystem of sources mcy be
encountered. Thus, M order to gain an ksi~yk into Me potential
errorsintroduced, the crescent flow was computed again in the Ticinity
of the point of tiver~ence with a modjfied source system, l~hi~hin
figwre 16 is contrasted with the old sy6tem, In the new sjnstemIHE,
the single sources are movec?.nearer to the area df m“ximum increase
of’speed and disposed more clo~ely; owifigto this closer coverage near
the maximum syeed 5.ncreases,the two outemost sources of system T were
omitted so as not to increase the number M sources much above twelve,
The results Or tba ~m~w~~+~~+-~ fi-I-..ILQLQ.... .... -. -
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below the.tcaused.%y an insufficient .num.berof a.pproxj~tin~ step~
(as for example, 1.m5aklngoff the calculation after the first or second
stem beyond-the Przmdtl rule). Even the fundamental characteristics
of ~he
remain

computed flow, such as convergence and.divergence of the solutions,
coriipletelyunaffected by the type of special source system.

As for the crescent, the com.press:bleflow past an ellipse an~ a .“
s~indle-sha”ed profile of.tl?.esame .5/1= 0.10 was computed w.d the
results for several Mach numbers illaatratmt in figues 6 to 11. The
sourcesystemI was used for the spi.n?le-skpedprofilewhile for the
ellipse,a differentarmngement of sources(systen11) was choson
wheret“hesinglesouzzcesexkendfartherupstrec.mor downstreamso as ‘
to securea betteradaptation on the more cGmplete velocity distribution

of the elltpse. I%eee pmk’iles”al.soevince a point of divergence
beyond which the applied calculation mevaod c~a~e~ to ~o~”~erge: T~~is
point lies at differer.tMach number of the baszc f’10wjdeWnd~nFJ u$?~n
the particular prOfile form. But it is always otise-rvedwhen the
velocity of sound is Ioc”allyexceeded in the flow around tliepr~i’ile.
This characteristic :s e~~ecially r+ep~oducedfor the ellipse in figure 17,
wherethe velocities.zweconpard to severe,iMach numbersin the ‘:‘-
immediate~roximityof w,aximumprofilethickness-(startingpoint 11).

The maxirm.zmincreases of speed at the ccmtoux AqJvm of the

ellipse were also ccmquk?d fcm tlfiesevez%i de@’ees of a.pyroxi.ma%ion‘:
and plotted ig figure 19 alongwith the valuesof Ikmemanntsapjwoximation.
At the Mach numbez’of flow correspondingto the divergencepoint,a
local increaseof syeedof 26.4 percentmsults~ equivalentto a ‘-
maximm 2ocalMach manbez?of M+., = 2-.08. !i’heeomparisor.with
Busew.nn~s method of ap~roximti$%xindicates that ih.e?ir~t ste~ of
the single-source meth~~,yields a little ncre than the corresponding”
Busemann step. Even W.ouglhfunde.uentailythe single-eource method
must yield a little rxme for the source L.ntemities than BusenanE~s
method, on account of the absent series expansicm5 the existent dif-
ference appears, nevertheless, to be Largely atkributabls to the fact
that the chosen system of souxces was not well enou@- ?.daptedto ‘the
flow around the ellipse as evidenced by the nonuniform distribution
of the Tielda of the source. Eowever, since the observe& difference
amounts, at the nmst,,.to 0.5 percent of the pwallel flow, a corl?ection
of the calculation by means of a modified source s;mtem was omitted.
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IV, :VIWOCITY UWTRIWTION ABOUT A CIRCULAR &HJ2’%PERIN .
,,: -

COMPARISON l~E iJiMLAfSCALWLATIOI?S

,,.,

As a furtherexahplefor c~cul.atioaby the Wngle-somce method,
the conpressibleflow arounda ci.rcvlarcylinder was chosen, !l%e
Prandtl rlfiecertaitiy represents no good injtiel approxj.mstionfo~
the flow around a circle, Wcause the assumptions for the applicafiility
of the Prandtlrule,Guch as regards su.ff’icj.entlysmall,increases of
speed, for example, are not complied with, For this reason, the
ordinary incompressible flow was used a~ the initfsl a~proxfnmtion for
theicircleso that the respectivesov~~e~to be appliedm.wt coverthe
entirestreamdensity Mf’ference”l.mtween tlm incompressible and the .
compressible flow, The res~ultof the czd.czllaticmfn.the vicinity of
tfiedivergence point is reproduced in f,igures12 to l>, At Mm= 0.40,
about four steps afford a w.xf”ficien,tapproach to the exact ad.iaktic
curve; at Mm = 0,42, dbout fives-kegs are aj,ieadyneceusa,,ryand at
NW = O.k~, the calculated-eight steps indicate that at ~hle Mach number
of flow, no convergence can be any longer counted upon.;et Mm = O.jO,
divergence definitely prevails. The velocities in the characteristic
starting Qoint 11 computed at different Mach nmnhers clearly SJ1OW
(fig. 18) how the number of necessary approxfmction wbeys from I to 2
at Mm = 0.2’j up to the divergence point increasee considerably and
ultimately after exceeding the divergeneepoint, no approxlmat50n
satisYyin.gthe adiabatic equation can be found no utter how many steps
are used,

The maximum increases of speed.occurring at the circlo circ~
ference were computed frou tho data of tLe sin~lo-scn.wcecalculation
and plotted in figu~e 2CJfor dif’fexentdegrees of approximation and
Mach mmloers. Where the point of diver~e~oe li.eGat around Mm= 0.447
with a maximum increase of Avk/v@= 1.70, the equivalentto a maximum
localMach number M~u = 1.295.

t
The values of the first to third

approximation by Lamla referenc~ 1) were also included. The conpxrison
indicates good agreement bdmmen Lam.la~sdata and-those obtained by the
single-sourcemethod.

In ell.of the afore+uent$onad.calc(.d.akions,it was found.that the
single-sourcemethod, once a certain Iraiting Mach number had been
exceeded, was unable to ]roduce satisfacto~y approximate ~oluti.ons
because the calcmation ~i~ergedt T).ical TOP the divergence point was
the fact that the highest local Mach number at the profile circumference
was only slightly above the sonic velocity. To illustrate: 011the
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ellipse (d/z = 0.10) the highest Ms,chnumber related.to the ~iver~ence
point was M+m,x= 1.082, for-t’hecrescent (d/t = ~.lo) ~@_1wL7= -L.096,
and for the circle, I@m = 1..295.At this stateof affairs,‘the
questionar~seswhetherperhalsby the rougha.p’proxlimati.onassump~iori~
of the calculationonlythe m.ximumlocalMach rmm”oersare shiftedinto
the su~rsonic rangewhileby the exactcalculationthe sonicve~~cttY ~~
justrepresentsthe cr:tica.1lfiftat the exceeding of which the conver-
gence stops, On top of that, i% is e~%remely LmDortmt to decide whether
the obsemed divergence -merelyrepresents some d~fect of the mathemat~cal.
zx+th-odof calculation or whether It is perha~s the evidence of e.SpeGffiC
physical prowess.

To analyze the last probleL2,the single-source method was modified
so that the calculation was reduced to the solukion OY a 12-t.er7i
Cj&@atic equatfon system with 12 ‘_dm.ows. (This intiesti~mtion
{s to be published in a separate report.) After this change, it WaS
possible, for exaqle, to caic’flatei’lowspest -profileswith high local
supersonic fields of ~,.m, = 1.5 end moz”e. This theretore p~ov&d that
the single-source method-contains no fun&meQ~~ diffic~t;~to yush

ahead into the area of hi@ local supersonic fields. It was ‘EJ.SOfowd
that a%ove a ce-rtafnlimiting Mach nwfcsr, equivaie.ntto the divera~r~c~
point, a solution joining on the subsonic flow no longerexists. There-
fore, the reason for the un~a.tisfactoryapgrox~.matesolution for the
compre~sible flow aroumi circular .cylinders$ellipses$ and crescent
above the point of divergence is due to the ?act that skove tke ii~tihi~
Ymch number, We ~ymm~trical flow patte~n postulated by the calculating
fo-rm@.ano lori~erexists, but rather is replaced by an U.nSj_t~~Ca~
flow associated with compressibility shocks.

.’
Concerning the maximum local Mach numbers related to the divergence

pofnt, it is appropriate to r3exmine Iigures 17 and.Is with the wkcity
variation in startin~ point 11, It is seen that the point of divergence

,,

is reached when the velocity curve related to this point 11.i~ exactly
tangent to the adiabatic curve. But this contact po~nt is always in
the supersonic rm.ge as is to le inferred.frmthe accent of,the velocity
curve for ~oint 11 SD5 the adiabe,ti~c-urve. The ~fverggnce pGj.nt C~tid
lie then exactly at the sonic velocity only H the ~eloclty curve of’
point U with horizontal tangent ap~roached the adiab~tic curve.

The question is then whether the ascent of’the velocity c-~~veof
point 11 can be varied as far as the horizontal erAry tn the adiabatic
curve 5Y refinement of the calculation fonuula. The re.flneuentof the
formula can, for example, he visualized such that the previously
enpl..oyed12 6ingle sourceG are consistently split up until, in the
Mniting case of the exact calculation, %finitely manysma?.1 element~
eoul?oesare involved; but this splitting up modifies h no way the sum
of the yields of the ~ource. EVC+P.though this splitting may slightly
modify the magnitude of the addttfmal velocities produced by the sowces,
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that is, shiftthe total.velocitym.cmefrogthe firstapproximation
somewhat, it $s extrenmly un.like~ythat U?e curve up to hofiizontal
entry would be changed as a result. It is therefore necess%ry to
reckon with the fact that the computed local supersonic fieids do
actually occur and can be syn+metricallyremoved without co?npre~~ibility
‘shock, By the worked-cut model problems, the highest local superaonte
Mach numbers still obtained in symuetricd. flow are so much greaker
as the Mach numhezw of the airspeeda related to ‘ekedivergence point

+ are smaller. This is exemplified in figure 21 where the highe~b local
Mach num”oersof the diver~ence point are ylotkxl against the airspeed
Mach number for the cirole, crementi, and ellipse, At Mm= 1 the
curve of thehigh.est local Mach numbers kas the value @max = 1,
hence at this spead the increases of’ve~.ocityex~ctly.dfsappear. It
means that at son.ievelocity Mcg= 1 a s~[iek~ica.1f’lcwi.spossible
only for the infinitely thin, Ylat plato in parallel flow which is
consistent wfth the variation of the flow dene~ty curve with its
maxlmvm at sonic velocity. Figuro 21 f%.rthersho~~sthe Mach m..mllers
of flow at which local sonic velocity i.sexactly reached. A Compe.risoll
with the Mach numbers of f’lowrelated to the d.ivevgefiee’point indicates
that both differ very little, the difference heccmes less as .W bec~es

‘greater. At Mm= 0.80 the Mfference amounts to a mere N& = 0.030.
So~as far as the a~plication of tliese data to the condi5ior,s3n aero-
iechnics is concerned, it 5.squite immatjerid whether the flow almndons
its syametrfcal char~,cterat the sonic speed I.ioitor at the Mach
number of the divergence point and changes to unsymmetrical f’lowwith
compressibility shocks. li?htsresult holds fmr the ~resent only ftir
the discussed model flows aroundthe circle,ellipse>m.d crescent.
However, i% fs not very likelyUMLtthe conditionswill be materj.ally
different on other profile forms, Sirme on the ellipse and or?.t!ae
crescent of equal d/7, for exam.-ple,~rofile forms with very dissimilar
curm%ture varfation are already involved,

From this point of’view, the.qw.estionof whether We previously
computed symmetrical flows with local supersmio flow fields are stable,
that is, whether they return to ~he in.ltialflow’attitude after minor
disturbances, ikeelf lo~es,Wportance. U1 the ml~ulaticm itself, only
the conditions for potential i’lowe,such as contfnufty, freedom frcm
vortices, eta$ were conta$ned so tltatthe problem of’stability wou].d
have to be treated additionally and tberef’oreit iE!not ascertai~ble ,,
for the time being.

.,

From the results of the calculations by the method of approxi-
mation on compressible plme flows with the aid of single-source
arrangements, the followinE ftndin~s were arrived at:

.

.
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1. The maximum increase of speed on the circumference of a
circular cylinder somyxbed by the single—source aethod and compared
with the data by iwa indicated that the calculated UZ?XIZIUBspeeds
in all comparable degrees of approxinatio~n(steps 1 Lo 3 bayoni t:he
incompressible flow) are in very close agreement by both methods.

In the case Of the flow around an ellipse, a O,>percent
difference in airspeed resulted in comparison with ?useme.n~!scal-
culation (approximation stey I ), l’hichObViCUSU is attributable
to the not very favorable arrangement of the ~ingle scmme. But the

magnitude of the error involved did not seeu to Justify the additional
~aper work involvet in.a calculation with an improved source distribution.

The conclusion, therefore, is that the sing~e-sol?rcemeth~~.is
suitabie for a quick, r:.~~ierfca]-lycorreet i.nSi.@ltiP.tOttiekighest

increases of speed accoupan~ing the compressible’flow past profil-es.

2. .% tilesingle-sowyce method affo~ds a cleaz?view of the
quality of the attained approximmkion to the adfzbati.c C=rv% it ~s

possible at all times to decide whether ~~.eattained degree Or aypro-xi-

mation of the calcd-at~on is d.re~. Yd- sufficient or wkeiher the number
of steps needs to he increased. ~n this respect, the.model problems
worked out disclosed that at icw airspeeds two to three steps are
sufficient, but that in proximity of sonic velocity, six to eiglhtsteps
are neceswary. Thus in th:s ran~e, the calcuktions by R~.yleigh,TLamla,
and Busmann would also have to be cont5nued L:y to substantially higher
degrees if su?fic~ent approximaticm to the adiabatic curve ii~the sonic
speed range is to be attained.

3* After exceeding a certain Mach n-wdmr of airspeed, it was no
~o~.ger _poss~D~e tG secj~-e a satfsf’actoi=y gym~trical approxiru3te

solution wit?aany numtmr of’steps because the calculation divercod.
Since in other cases it succeeded in ccmpui~ng by the sam method
subsonic flows with large local su~rsonic zones (!@max =* 1,5), the
observed divergence caxumt be attributed to the imper;ect suitability
of the enployed calculating me’thcd, The appearance of’the divergence
was, therefore, hte~reted as tkfitthe symmetrical subsonic flow cen
be con?iinuedonly UT to the Mach nwiber relmted to the point O? diver-
gence and after that, the flo~?changes into the msymmtricai. type
characterized by compressi’bil.ityshocks.

4. ‘Thehighest local ~elocitY appearin.~at the pofnt of’diver-
gence lies a little above sonic ~elocitY, tEe:ti&e so the smaller
the Mach nualer of flow related to the point of divergences .
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On the circle, for example, the maximum local
M+M ~ = 1.29, at tke crescent (d/? = 0,10)
elli’pse (d/?= 0,10) M+m=x = .1.080

5* The Mach:ntm@rs of’airflow related

●

Mach’’numberis
~~mm = 3,.10, . and on the

.

to the po:n.tof diver-
gence are only a little higher than the Mach numbers of flow at which,
locally at the circuau?e~ence;thesoni,c velocity is mxwtly rOdl~a for
the ftrst time: tl~edifference fn.Machnmnberis, for ey~llple,

AMm = 0.030 foti the eUi@e (d/2 ‘= 0,10), L&!m = 0,0~0 for the
crescent (d/z= O.1O), and 414m< 0.05~ on the circle, Thu~ for
actual flight practice, it is quite immatO&Wl whether the flow already
ctmmges into the unsymmetrical type on rsachin~ sonic speed or at the
Mach numler of the point of divergencfi.

6. The flows with local cwpersonic fields computedby Lhe single-
source method satisfy the conditions for potenttal.flows mch as
continuity, nontux%ulence, etc. licwever$it yet remains to be proved
whether the calculated supersonic f’:eldsare a’table,,that is, whether,
after a small disturbance, they return in the initial state,

t

Translated by 3, Vanier
National Advieory Committee .

,forAeronautics

.

.

.
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METHOD OF CALCULATION

1. Choice of Starting Points and Source Systems

Since the sources to be applied

“g2
~on the crescent and.especially at the

bl-90 ~pin~e-shayed body are ~red~r@iely

Starting yoints

<+

‘?!: r2
.J3\ <p?+

_@aced within a comparatively narrow
~/“

-/ \ range near the profile center, a
Source-line

VI
system of

a% = Cons*
sources was chosen at which~ ‘“, \&,c<~~l

the three-som’ce lines 9* =,Constant‘#+ \

“TA ;,<>$$ ] .0
lie close to~ether (system of points 1).
For tihscjrcular Trofile and especially

Source circle / ~ ’1’~ >\JJ,\
for the ellipse on the other hand, the

~ = cop-s-t ‘
/ 4

area.of the additional sources is more
;8k:
, _. eitended toward the stagnation yoint.

O@ns to the stee~ increase of speed
1.0 at the elli~se aft of the profile nose,

the maximum of the additional sources lies for this profile in the forward

half of the profile even at high Mach mmibers (system of points 11)+
For

the study of the influence of the change of the source arrangement, a

second system was incl~lte~for the case ‘f ‘he crescent) ‘-here)
instead

of the 12 so-wrcesextending far Into t~le~u~er syace, 1~ closely spaced

sources were chosen (system 111).

s~mtine ~oin~ and ,YouzzceSystem I

(Folar Coordinates in the Plane of the Circle)
[Stezting petit (rp, W), Somceyoin~ (rk,~.%),

-l?=-o Radius of image cii-clel—

Starting points
(WV)

Source points
(kl.)

Starting point angles
av = 90

= 7k
=60

—
Source-1ine angle

~% = 78.75
= 67.5

1
52.6

=,,

~t~ting -pointaridradii of circle of sow’ce
rv,k~ro
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m- -‘St-artingpoint and radii of circle of sow

ISource points

I
1.075 1.2421.*36 1.639 2.otQ.2,572 z,952

(kk)

2. Influence FE@ors in the Cyclic (circular)Plane

With & = EeiO*
,.

denoting the local vector of a sou~ce and

~= reio the starting point, the vel,ocit,yinduced in the eterting
point is

lTh,roLJ@ouh this Teyor-h
x and x are substituted f’opthe

German acrfpt x and v which were used ~n the origin@. German
version.



.

.

0

E
when 5 =-— represents the source strength and

rGV~

the spacing., If th-esystem of the coordir~atiesis rotated t-hrcwjm $,
radial.and tangen.tie.lcomponents in the starting,poi-ntsclm.n~einto

and y, components of tke r.ew sYstem-o ThLI.s, with r/Z<,= T>
the x
+j**~=~ ““

with



The contour conditions are satisfied by adding to each ~rinciy~ source
(Hqu.)the sm?.rcQ(Spqu} reflected at the contour circle. If’the
source arrangement is in addition doubly spetricfi, that i,s,

sourcesof’eQU&l.strength in i$+$ sources and in k(ti- O*) soufices,four
prinCip~l sources each can be com~ined. For y = (~++- ~) and
Y = “(O* + $), fvo is to be assumed ybsiti-~e,f-or y = a - {“@+- ~)
and y = -X+(ti++-o), negativejso timt

f

i

sin (0+$- ‘i)

r- -.—
Sh12(8* - ~) + T - COS (O* -oJ2

-1

(u

a

.

.

IIn order to better assess the influence of a continuou~ source
distribution by a systew of 12 single sources, the latter are visualized
as being reylaced by a sourc~-lfne system wtth two-dimensional source
strength di~tributed along rays O*

= Ccmstamt. Combining tihentheinfiuence of’one rQdi-USat the so~ce points by averaging and taking
the source strength along the interval as constut, the influence of
step-lilresource distribution along the ray 3* = Conste.ptthat sub-

.stftutes the line superposition ia closely ey~~oxiuated although in
the Eractical calculatio~~oflysingle sources are involved. Unless
the influence quan%ity &f,r$

ylotted fop ftxefl o and fixed ~%.
against T varies excessively, the mean influence is equal to the
influence in the center, OIAwithin the,frmework of the distribution
by powers of 1.075 in the intermediate yartial points. In the vicinity
of the extremes of the influence cwvee at T . 1,

however, ar~datinterval.increases at the fom-th source ring the average value of the
interval.must be computed more accurately.

Indicating %he avera~e iformation by overscoring and includine tke factor l/2fiin the influence
factor, the final $ component of the induced velocity follo~isas

.

&
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3. Conffor?nalTransformation and the Ihsuinq Veloci~Y ,Dis&@ion.,

The confformaltransformation z@ = f([) gives the flow around

the profile in the ik* plane fr~

, 1~/=ro” The complex yotential X

tke flow around the image circle
=q+iy is

L&

and the distortion function. —
= Fai~ is

. AP

I
and

I
To determine then the velocity of a specific profile in the ZK*-p-L.:E@?
only the distortion needs to be cQmpute&-

a. Crescent.- H 5 is the edge angle of the crescent and

I
-.

I -



or

with

‘0

.
f’

.Thequ~utities s .aul P can he represented & functions of the
circul~ coordinates

/

.

.



.

.

I

The profile parameter Q is given ly the thickness ratio. J%

exTonent it indicates the multiplication &f’the ?~le n in the

stagnation point of tflecircle. It ~~

mi = 23-C-E

or

as

c)&\S+q -2cosp
-. 2 ‘-_H=n

()
Sn + & -2 GOSD$

Tne fornula of the conformal tmm.sfor?natian:~asso chosen that parallel
f~o~ yre~-ailsat infinity. Ackually it 5s

z/2 “
which conditions that —=--=n.:e9

/
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‘ I

l?. Elongated body of revolution.+The confom~ transfor&afiion
.—, ,

J ,–,. -

,zik++ ~ Tel.
—--= -- —EK-+
‘o r. c -T!(“)3

I .

--l

z/2 2+~
Since ~- . 2.———— and

()

Q“’’”+ = 22(1 - K)
o 3

---.—.
~o fk 3

is obtai~ed} the profile
parameter K ts

L -(:’)7
K = -J=--=?-HL!

and

The velocity distortion follows from the i.k*-velocj.tvat
“ ..-

{),x’ 2
1---$’

I
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With

we get

21

(1
1)

- Kj sin 279

J

and

-E

f)
v (x/ro)2

— =—
‘J-Coik ‘flf-

hence, with (?)

- ‘Q)’ ,.0. 24]

where
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C+ ELL@se. - A,corre~pondi~ formula.supplies the co.nformal
+.Fan.-Fnw...&<-----

with

2c—.
ro2

as profile parameter. Tne velocity distortion f’ollowsfrom

dZik*

()
1 a~

z-= ->

as

F= (my -@ .OQ 279

.-.
L 1

2~
r sin *#

tan ~ . ———.—

(1
1- a2si1220P

hence; with (3) the velocity becomes

.

I
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gives with

with

yielding

1 “M.2J -
P2

(8)

as linearized Ihmnd.tl-etreamdensity.

Differentiation of (7) gi’~esas slo~e-of,the stream density curve
at point Mm*

(X$r
-. .

The Fr8ndtl-8trew density $21., tileref’orejrepreserlt~the tan@nt to
the stream density curve in the aj?prcmchflow point, wh~le tilein.com.-
pre~~ible Btream density at speed hfk%

,:.
‘ (9)

can le regarded as secant through the points Mk+$= O and M&””= M#.
. .

Now dn order to tieable to secure an improved solution for the
conyressible flow with the aid of the ayproxhnated ~tream density
es = e~r 01” (?i~> respectively, the compre~sible flow in a flow tube
is visualized as being replaced by a flow of app~oximated stream
density QN witi identical velocity fteld, in which the additional
displacement is produced %y an additio.ml sowrce distrihu.tion.
(Com2are UMll17, p. 3). If’ ~ is tke width ofth6 flow tube at
a given point, .
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will be valid for the flow along the flow tube.
The apyrcixlmakion

flow with additional so~ces iq to show the sme v’elocib~esaa the
conmressible flow< Due TO the source distribution, the flow tken.
differs Prom point to point:

If one introduces the constant flow d.$k, wh5ch is ml.cd.ated, say,

in the center section of!the dou’oly-s~ae%rical profile,

()

ti:~0=<

()

-%!~* elf- e~

&N = c@ — =~ith = A.—
%+

(10)

r. Q center section E’ %

~he~-efo~.ej ~& relative erroc Of The a~~r~x~
,-

is valid. c~+ denotes,

mated stream densit,yin contrast to the exact streelaiiensitffor the,

cozqressitilevelocity %**

The width of the flow tules at the ci-rclein the center sect~.oniS
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QPrandtl basic flow (crescent, sypindl.e.-shapedbody,
ellipse).-For their ~rofiles the Rand&l ap-proxima~ionie considered as comparative

flow and the ~rofile analyzed in the affinely distorted ik*-plm.e
instead of’in the com~ressible plane,

at the profile of the
Wit~ Mik*O denoting the velocity

ik*-@.ane, as.it is atte.in6dfJa the cyclic
flow free from sources by comformaZ transformation, the velocity of
the Prandtl a~pvoximation 1 *~r.~ Outheyrofileof’ the k-pl~c
obtained by the transformation

corresponding to the linearization of,tlnestream den~~ty in (8).
Therelated stream density, therefore, i~

Now, if the i?randtlflow
%*O in the compressible ylane corresponds

to the f~oti Mik%o in,the
‘ik*-PIQne~the Prandtl ~“low Mk,%

provided with additional sqwces replacing the comq?ressibl.eflow
corresponds to a Y1OW in the ik~-ylariefit<:~dwivh source~,
Velocity of wjlichiS equ~ to the velocity Mik* tran~foxme~h~y (Q)

The throughflow of the Mik* - flow with S~L~@3Sat a point of flow,
tube width tiik~, iS’then, since by (12) 9ik* - $Fl,

I’randtlis thel“elatedstream density,



Owing to the source distribution this throu.ghfi.ow vezzies frwn me
tin..1.++.—

place to another. An infinite distance . *W hence,‘~ik*@ r.

dnik+’ dnK~
For their profiles, howeve~j = = ‘—&l& ‘

and in
.=,

compressible flow &~T#R = dil~ojam“byreacon of the

Therefore, the source stre-ngthto be applied in the

.. . .

.

while.by (10) the k-pkae fdkws at
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with

the Stream ‘tubeiu midsection,

(7”

byik
It Za

4.=$ and ?~ 1$.~ Yes$ectively. Since the outermost source
Pring must inclu e all the ~ou.rcesexisti~g n the outer syace, we get,

4fOr exam@e, for the resid@. SOWCG r~~~ -f = 3,952, if ‘—7= 3.298r-

‘“o ro
represents the li~ltin~ ring of the influence ring

r6
()

Q
related

to “-’
:t’o~

‘o

where 0.38 indicetes a reduction factor for the in.luence of the
outer syace.

[
The individual ~o~ce strer@hs E~k Q)

follow th,en
from the differezlceof two sou~+ceSU.USin ad~acent points on the
same ring, since they relate to the same flow tubes,

The additive
Velocities ~l~%(n) of nth app~oximation induced by the sowcee ?~}%(n)
in the starting points p.v are obtaineflby ueans of the influeace
factors .foX- at ~he circleJ by neg].ectj.ngthe r-component and taking
the o -component equal to the total.velocity.

(Co.mpareUM~T,T. 3.)—.
lFor thin profiles for Which the tielocitydi~r~~rom the

approved flow, ~he exact stream density curve (7) can, in vicinity of
~onic velocity, bs closely ayyroximated by a yarabola, (comyare
Oswatitsch), On expmding the bracket in }o~~erof Z!Mk~-
discounti~ all but -thesquwed terms, we ~et 6]CX 1 - @#$-:Nkp,

.



.

.

(
L+ ,

The influence factors for the ~relocity —-)
Of the source x>.>of

:C31@

the circular flow are, because Cf (2) simply

The total effect of all.sources in the starti-~ point WV
is obtained.

then by summation over all soorces ~1.

and the additive velocities according to %wnritl distorted corres~cnding

to (11)

with this velocity connection
~~aetot~ -V-elocitiescf the nth aymoxi-

mation are:

If to the initial velocity ~xo there corresponds the stream de12SitY

0,$0) = ~i]: (~*J ‘r 8Pr ~K*y :of the basic comPara~ive ‘lOw -

l$~~[n)there ~ertairmrespectively,then to the inqy’ovedvelocity
Qk(n) is

a~veady a stream density neare~ to the COXTeCt e-curve; ~

calculated from (1~) by solutior&of th-eeqaa’tioawith respect to $~}

and by substitute% for all ~agriitudeson the right side the values

that correspond to the new approximation
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